A fence is a particular partial order on a (finite) set, close to the linear order. In this paper, we calculate the rank of the semigroup FI n of all order-preserving partial injections on an n-element fence. In particular, we provide a minimal generating set for FI n . In the present paper, n is odd since this problem for even n was already solved by I. Dimitrova and J. Koppitz.
Introduction
Let n ∈ N and denote by PT n the semigroup (under composition) of all partial transformations on the set n := {1, . . . , n} of the first n natural numbers. The set I n of all partial injections on n forms an inverse subsemigroup of PT n . For more information about the symmetric inverse semigroup I n , we refer the reader to O. Ganyushkin and V. Mazorchuk's book [9] .
Let be any partial order on n. The pair (n, ) can be regarded as a digraph. Let α ∈ PT n . Then α is called order-preserving on n with respect to if a b ⇒ aα bα, for all a, b ∈ domα. If α ∈ I n is order-preserving then it is a partial injective endomorphisms on the digraph (n, ). Clearly, the set IEnd(n, ) of all partial injective endomorphisms on (n, ) forms a submonoid of I n , which has not to be inverse, in general. A regular element α in IEnd(n, ) is characterized by the following property: a b ⇔ aα bα, for all a, b ∈ domα.
Such regular elements in IEnd(n, ) are called partial automorphisms on (n, ). The set PAut(n, ) of all strong partial automorphisms on (n, ) forms an inverse subsemigroup of IEnd(n, ).
A very important particular and natural case occurs when a linear order ≤, e.g. that one induced by the usual order on the natural numbers, is considered. The monoid PIO n of all partial order-preserving injections on (n, ≤) has been extensively studied. Basic information about the monoid of PIO n , one can find in [7] . In [15] , the author considers generating sets of the semigroup of all partial injective decreasing maps of (n, ≤), a submonoid of PIO n . The maximal subsemigroups of the ideals of some
Main result
Let us fix now an odd natural number n. Clearly, for U ⊆ n, the partial identity mapping id U := id n | U , i.e. the identity mapping id n on n restricted to U, is a partial automorphism on (n, ). In particular, id n ∈ F I n . There are exactly two automorphisms in F I n , besides id n the reflection γ n := 1 2 · · · n − 1 n n n − 1 · · · 2 1 .
Note that F I 1 consists of the identity mapping on {1} and the empty transformation ∅. Since these both partial transformations do not generate each other, the rank of F I 1 is 2. We suppose now that n ≥ 3. I. Dimitrova and J. Koppitz proved F I m = J m for all natural numbers m in [4] , which comprises several pages and a few of lemmas in [4] . For the case that n is odd, one can shorten the proof. Therefore, and for the sake of completeness, we will give a new proof for the particular case that n is odd. For this, we define a series of partial transformations of J n . Let
In the case n ≥ 5, we define
, where i and j have the same parity,
for odd j ∈ {3, . . . , n − 2}, and
In the case n ≥ 7, we define
Note that β even i
for each even i ∈ {2, . . . , n − 1}, α i α i = id n\{i} for each i ∈ n, and α i,j α i,j = id n\{i,j} for all i < j ∈ n having the same parity. Further, let P ar n be the set of all δ ∈ F I n such that x and xδ have different parity for some x ∈ domδ. First, we observe that each δ ∈ P ar n is generated by elements of F I n \ P ar n and {id n } ∪ {β : i ∈ {2, 4, . . . , n − 1}} ⊆ J n . Lemma 2.1. Let δ ∈ P ar n . Then there are β ∈ F I n \P ar n and l 1 , . . . , l p , r 1 . . . , r p ∈ {id n }∪{β odd i , β
Proof. Let x ∈ domδ such that x and xδ have different parity. If x is odd then xδ is even, where xδ−1, xδ+ 1 / ∈ imδ. Let β := id n δβ even xδ . Then it is easy to verify that |{w ∈ domδ : w and wδ have different parity}| > |{w ∈ domβ : w and wβ have different parity}| and ββ ⊇ domδ. Now, we can consider β instead of δ. Since the domain of δ is finite, we obtain successively after p steps l 1 , . . . , l p , r 1 . . . , r p ∈ {id n } ∪ {β odd i , β even i : i ∈ {2, 4, . . . , n − 1}} and a β ∈ F I n \ P ar n such that
The following fact will be used frequently without to refer it. If U is a convex subset of the domain of a δ ∈ F I n then Uδ = {xδ : x ∈ U} is also a convex set. Next, we show that any δ ∈ F I n \ J n with a convex domain can be generated by elements of J n and a transformation β ∈ F I n with rankβ > rankδ. Lemma 2.2. Let δ ∈ F I n \ J n . If domδ is a convex set then there are β ∈ F I n with rankβ = rankδ + 1 and α ∈ J n such that δ = αβ.
Proof. Suppose that domδ is a convex set.
Since both intervals domδ and imδ have a lenght less than or equal n − 3, there are x, w ∈n such that w − 1, w, w + 1 ∈ {0, 1, . . . , n, n + 1} \ domδ and x − 1, x, x + 1 ∈ {0, 1, . . . , n, n + 1} \ imδ. We define a transformation β by rβ := rδ for all r ∈ domδ and wβ := x.
Clearly, β ∈ F I n with rankβ = rankδ + 1 and δ = id n\{w} β.
We note that the empty set is convex. So, the empty transformation ∅ is a product of two transformations with rank ≥ 1. Now, we can prove the following proposition, which is a particular case of Theorem 3.15 in [4] for n is odd. Proposition 2.3. F I n is generated by J n .
Proof. Let 3 ≤ r ≤ n and suppose that β ∈ J n for all β ∈ F I n with rankβ > n − r. Let now δ ∈ F I n with rankδ = n − r. By Lemma 2.1, we can restrict us to the case δ ∈ F I n \ P ar n . Now, we choose x ∈ n \ domδ in the following way: There is z < x such that w / ∈ domδ for all w < z and {z, . . . , x − 1} ⊆ domδ. Clearly, if domδ = {r + 1, . . . , n} then such x exists. Note, by Lemma 2.2, we can skip the case that domδ = {r + 1, . . . , n}.
Now, we will show that one can restrict oneself to the case that wδ > {z, . . . , x − 1}δ for all w ∈ domδ \ {z, . . . , x − 1} and (x − 2)δ < (x − 1)δ, whenever x − 2 ∈ domδ. For this let {r 1 < · · · < r s } be a convex interval in domδ with r 1 − 1, r s + 1 ∈ {0, 1, . . . , n, n + 1} \ domδ such that wδ > {r 1 , . . . , r s }δ for all w ∈ domδ \ {r 1 , . . . , r s }. Suppose that x − 1 / ∈ {r 1 , . . . , r s }, i.e. r 1 > 2. If r s is odd then we define σ := γ n α n−rs γ n δ, where δ = γ n α n−rs γ n γ n α n−rs γ n δ and α 0 = γ n . If r s is even and r 1 is odd then we define σ := α r 1 −1 δγ n , where δ = α r 1 −1 α r 1 −1 δγ n γ n . If both r 1 and r s are even and p := max{zδ, . . . , (x − 1)δ} is odd then we define σ := δγ n α n−p γ n , where δ = δγ n α n−p γ n γ n α n−p γ n . If all r 1 , r s , and p are even then 1 / ∈ imδ and we define σ := δα 1,p+1 , where δ = δα 1,p+1 α 1,p+1 . Hence, δ is the product of σ and transformations in J n . Straightforward calculations show that there are z < x ∈ n such that { z, . . . , x − 1} ⊆ domσ is a convex set and x, w / ∈ domσ for all w < z, where wσ > { z, . . . , x − 1}σ for all w ∈ domσ \ { z, . . . , x − 1}. Suppose that x − 2 ∈ domσ with (x − 2)σ > (x − 1)σ. If z is odd then we define υ := σγ n α n− zδ γ n , where σ = σγ n α n− zδ γ n γ n α n− zδ γ n . If z is even and x − 1 is odd then we define υ := γ n α n− x+1 γ n σ, where σ = γ n α n− x+1 γ n γ n α n− x+1 γ n σ. If both z and x − 1 are even then we define υ := α z−1, x σ, where σ = α z−1, x α z−1, x σ. Hence, σ is the product of υ and transformations in J n . Simple calculations show that there are z < x ∈ n such that { z, . . . , x − 1} ⊆ domυ is a convex set and x, w / ∈ domυ for all w < z, where wυ > { z, . . . , x − 1}υ for all w ∈ domυ \ { z, . . . , x − 1} and ( x − 2)υ < ( x − 1)υ, whenever x − 2 ∈ domν. This proves the desired restriction.
Without loss of generality, we can assume that zδ ∈ {1, 2}. Otherwise, we consider the transformation
2 ⌋ and z δ ∈ {1, 2}. We put now a := (x − 1)δ.
Since x / ∈ domδ and wδ > (x − 1)δ for all w ∈ domδ \ {z, . . . , x − 1}, either a + 1 / ∈ imδ or domδ is a convex set. In the latter case, by Lemma 2.2, there are β ∈ F I n with rankβ = rankδ + 1 and α ∈ J n such that δ = αβ. Since β ∈ J n by the inductive assumption, we obtain δ = αβ ∈ J n . So, we have to consider the case a + 1 / ∈ imδ, where either x + 1 ∈ domδ or x + 1 / ∈ domδ. Suppose that x + 1 ∈ domδ. If (x + 1)δ = a + 2 then we define a partial transformation β 1 by wβ 1 := wδ for all w ∈ domδ and xβ 1 := a + 1.
Clearly, β 1 ∈ F I n with rankβ 1 > n − r. We have δ = α a β 1 ∈ J n . Now, we show that there is δ ∈ F I n with w δ = wδ for w ∈ domδ ∩ {1, . . . , x − 1} and (x + 1) δ = a + 2 such that δ ∈ J n , δ . If it is the case then we have δ ∈ J n since δ ∈ J n by the previous considerations.
Suppose that a + 2 ∈ imδ. Then there is y ∈ domδ with yδ = a + 2. Since wδ ≤ a for all w ∈ domδ with w < x, we conclude that y ≥ x + 1. If y + 1 / ∈ domδ then we put β 2 := α x,y+1 , whenever y < n and β 2 := α x , whenever y = n. Clearly, β 2 ∈ F I n . Then δ = β 2 β 2 δ, where wβ 2 δ = wδ for w ∈ domδ ∩ {1, . . . , x − 1} and (x + 1)β 2 δ = a + 2. Now, we consider the case that y + 1 ∈ domδ. This provides (y + 1)δ = a + 3 and y − 1 / ∈ domδ since a + 1 / ∈ imδ. If y − 1 is even then δ = α y−1 α y−1 δ, where wα y−1 δ = wδ for w ∈ domδ ∩ {1, . . . , x − 1}, nα y−1 δ = a + 2, and n + 1 / ∈ dom(α y−1 δ) (which provides a previous case). If y − 1 is odd and there is an odd u > y + 1 with u / ∈ domδ then we have δ = α y−1,u α y−1,u δ, where wα y−1,u δ = wδ for w ∈ domδ ∩ {1, . . . , x − 1}, (u − 1)α y−1,u δ = a + 2, and u / ∈ dom(α y−1,u δ) (which provides a previous case). Let now y − 1 be odd and let each u ∈ n \ domδ with u > y + 1 be even. Then we observe that w − 1, w + 1 ∈ {y, . . . , n}δ, for each even w ∈ {y, . . . , n}δ. Hence, there is an odd k ∈ {y, . . . , n}δ with k + 1 / ∈ {y, . . . , n}δ. Because (x + 1)δ (> yδ) is even, this implies the existence of an even u < y with u / ∈ domδ. If u > x then we have δ = α u α u δ, where wα u δ = wδ for w ∈ domδ ∩ {1, . . . , u − 1} with u > x and (n − y + 1)α w δ = a + 2, where (n − y + 1 + 1) / ∈ dom(α u δ). We have again a previous case. Finally, we have to consider the case u < x. In particular, 1, 2 / ∈ domδ. We have α 2 γ n γ n α 2 δ = δ, where wγ n α 2 δ = (w + 2)δ, for all w ∈ {1, . . . , n − 2} with w + 2 ∈ domδ. Then (y − 2)γ n α 2 δ = a + 1, y − 3 is odd and n / ∈ dom(γ n α 2 δ), i.e. γ n α 2 δ is a previous case. Admit now a + 2 / ∈ imδ. If (x + 1)δ + 1 / ∈ imδ then we have δ = δα a+1,(x+1)δ+1 α a+1,(x+1)δ+1 , where wδα a+1,(x+1)δ+1 = wδ, for w ∈ domδ ∩ {1, . . . , x − 1}, and (x + 1)δα a+1,(x+1)δ+1 = a + 2. Suppose now that (x + 1)δ + 1 ∈ imδ, i.e. (x + 1)δ − 1 / ∈ imδ. If (x + 1)δ is even then a + 2 is even and we put β 3 := α a+2 . If (x + 1)δ is odd then we put β 3 := α (x+1)δ−1 . Clearly, β 3 ∈ F I n , δ = δβ 3 β 3 , where wδβ 3 = wδ for w ∈ domδ ∩ {1, . . . , x − 1}, and a + 2 / ∈ imδβ 3 . Since (x + 1)δ − 1 / ∈ imδ, we can conclude that (x + 1)δβ 3 + 1 / ∈ imδβ 3 (the previous case for δβ 3 ). We finish the proof with the case that x + 1 / ∈ domδ. If a + 2 / ∈ imδ we define a partial transformation β 4 by wβ 4 := wδ for w ∈ domδ and xβ 4 := a + 1.
It is easy to verify that β 4 ∈ F I n . Then we have δ = id n\{x} β 4 . Suppose that there is y ∈ domδ with yδ = a + 2. We can assume that y + 1 / ∈ domδ. Otherwise, y − 1 / ∈ domδ and there is i ∈ {0, 1} such that x + i is even and δ = α x+i α x+i δ, where wα x+i δ = wδ for w ∈ domδ ∩ {1, . . . , x − 1}. In particular, we have (n − y + x + i + 1)α x+i δ = a + 2 and (n − y + x + i + 2) / ∈ dom(α x+i δ). Here we have a previous case (for α x+i δ). Having y + 1 / ∈ domδ, we obtain δ = α x,y+1 α x,y+1 δ, where wα x,y+1 δ = wδ for 1 ≤ w ≤ x and (x + 1)α x,y+1 δ = a + 2, a previous case for the transformation α x,y+1 δ.
Altogether, we have shown that there is δ ∈ F I n with w δ = wδ for w ∈ domδ ∩ {1, . . . , x − 1} and (x + 1) δ = a + 2 such that δ ∈ J n , δ . Consequently, we have shown that F I n ⊆ J n . Now, we construct a generating set of F I n of minimal size. By Proposition 2.3 and since no element in J n can be generated by elements which not belong to J n , we have to find a generating set of J n of minimal size. For this, we define G 3 := {γ 3 , α 1 , α 2 , β odd 2 , β even 2 } and G n := {γ n } ∪ {α i : i ∈ {1, , . . . , } is even} ∪ {α i,j : i, j ∈ n are odd with 4 ≤ j − i < n − 1, i ≤ n − j + 1}, whenever n ≥ 5.
Lemma 2.4. Let δ ∈ J n ∩ P ar n . Then there is exactly one x ∈ domδ such that x and xδ have different parity. In particular, it holds xδ ∈ {1, n} or x ∈ {1, n}.
Proof. Since δ ∈ P ar n , there is an x ∈ domδ such that x and xδ have different parity. Assume that x is even and xδ / ∈ {1, n}. Then x − 1, x + 1 / ∈ domδ and xδ − 1, xδ + 1 / ∈ imδ. Hence, since rankδ ≥ n − 2, there is only one y ∈ domδ such that y and yδ have different parity, namely x. So, we have n+1 2 − 2 odd elements in the domain of δ, which have to be mapped to n+1 2 − 1 odd elements in the image of δ, a contradiction. By the same argumentation, we obtain that x is unique with x ∈ {1, n}, whenever xδ is even.
Proof. If rankδ = n then δ = γ n ∈ G n or δ = id n = γ n γ n .
Let now rankδ = n−1. Then there is i ∈ n\ domδ. We observe that imδ = domδ or imδ = (domδ)γ n .
. Now, we consider the case rankδ = n − 2 and δ / ∈ P ar n . Then there are i, j ∈ n \ domδ with i < j. Let both i and j be odd. If 4 ≤ j − i < n − 1 and i ≤ n − j + 1 then δ = α i,j ∈ G n or δ = α i,j γ n . Suppose now that j − i = n − 1, i.e. i = 1 and j = n. Here, we obtain δ = α 1,n = γ n α 1 α n or δ = α
Then we put r := n−j+1 and s := n−i+1. We observe that r = n−j+1 < i = n−(n−i+1)+1 = n−s+1 and δ = γ n α r,s. γ n . Admit now that i is even or j is even. The following is not hard to verify. If i is even and j is odd then δ ∈ {α i , α 2 i , γ n α n−i+1 γ n , α i γ n , α 2 i γ n , γ n α n−i+1 , γ n α n−i+1 γ n α i , γ n α n−i+1 γ n α i γ n }{α j , α j γ n }. If i is odd and j is even then we obtain δ ∈ G n , dually. If both i and j are even then we have α i,j = α i α j−i α i and δ ∈ Γ 1 Γ 2 {γ n , id n }, where Γ 1 = {id n , α j }{id n , α i,j }{id n , γ n α n−i+1 γ n } and Γ 2 = {α
i , γ n α n−j+1 γ n }. Now, we consider the case rankδ = n−2 and δ ∈ P ar n . By Lemma 2.4, there is exactly one x ∈ domδ such that x and xδ have different parity and either x is even and xδ ∈ {1, n} or x ∈ {1, n}. Hence, there is an even a ∈ n such that δ = β odd a
Suppose that a > . Lemma 2.5 shows J n = G n . Thus, Proposition 2.3 provides that G n is a generating set for F I n .
Corollary 2.6. F I n = G n .
It remains to show that G n is a generating set of minimal size. It is useful to classify the partial injections in F I n with rank n − 1.
2 } = {α ∈ F I n : rankα = n − 1}. Moreover, any generating set of F I n contains elements form each
, as the following lemma will show.
Proof. Assume there is an i ∈ {1, 2, . . . ,
This implies rankg 1 = n, i.e. g 1 = γ n , or g 1 ∈ R i . The latter one is not possible. But g 1 = γ n provides rankg 2 = n, i.e. g 2 = γ n , and thus g 1 g 2 = idn, or g 2 ∈ R i . Both are not possible. Now, we are able to state the minimal size of a generating set of F I n . It will coincide with the size of G n , which gives us the rank of F I n . Proposition 2.8. Let G be a generating set for F I n . Then |G| ≥ 5 if n = 3 and |G| ≥ n−5 2
Proof. Since γ n and id n = γ n γ n are the only transformations in F I n with rank n, we can conclude that we have at least one transformation with rank n in G, namely γ n . Lemma 2.7 provides that there are at least
, i is odd}, where n 4 = {m ∈ {1, . . . , elements in G with rank n − 1. Let now n ≥ 9. We consider the case that i ∈ {4, . . . ,
It is easy to verify that |R i | = 16, but on the other hand, for any α ∈ R i , we have | α, , i is even}. Altogether, we have at least
elements in G with rank n − 1, whenever n ≥ 5. Assume that |G ∩ P ar n | < 2 , where
} : m is even . Note, there exists exactly one x ∈ domα with x and xα have different parity, whenever α ∈ J n ∩ P ar n , by Lemma 2.4. This provides that there is an even j ∈ {2, . . . , } such that jα, (n − j + 1)α / ∈ {1, n} for all α ∈ G or 1α, nα / ∈ {j, n − j + 1} for all α ∈ G. Suppose that 1α, nα / ∈ {j, n − j + 1} for all α ∈ G. In particular, this implies that β odd j / ∈ G. Hence, there are g 1 , . . . , g s ∈ G \ {idn} such that β odd j = g 1 · · · g s . Since 1β odd j and 1 have different parity, we conclude that there is k ∈ {1, . . . , s} such that g k ∈ P ar n . Without loss of generality, we can assume that g r / ∈ P ar n for k < r ≤ s. By Lemma 2.4, then there is an even m ∈ n such that 1g k = m or ng k = m. Since 1g k , ng k / ∈ {j, n − j + 1}, we conclude that m / ∈ {j, n − j + 1}. Note that imβ
If g = id n then we get a contradiction by the previous arguments. If g = γ n then imβ odd j = im(g 1 · · · g k g) = {n − m, n − m + 2} = n \ {j − 1, j + 1} since m = n − j + 1, a contradiction. If rankg = n − 1 then img = n \ {j − 1} or img = n \ {j + 1}. First, we consider the case img = n \ {j − 1}. Since j − 1 is odd, we can conclude that g ∈ {α j−1 , γ n α j−1 }. Suppose that g = α j−1 . Since rankg 1 · · · g k g = rankg k = n − 2, we have img k ⊆ domg. This implies j − 1 ∈ {m − 1, m + 1}. Because of j = m, we have j − 1 = m + 1.
, a contradiction. Suppose that g = γ n α j−1 . Clearly, domg = n \ {n − j + 2}. Then img k ⊆ domg provides n − j + 2 ∈ {m − 1, m + 1}. But n − j + 1 = m gives n − j + 2 = m − 1. Hence, m + 1 = n − j + 4 and we obtain j − 3 = (n − j + 4)γ n α j−1 . Thus j − 3 / ∈ im(g 1 · · · g k g), a contradiction. Dually, we can treat the case img = n \ {j + 1}. If rankg = n − 2 then img = n \ {j − 1, j + 1}. Since both j − 1 and j + 1 are odd, we can conclude that domg = n \ {j − 1, j + 1} or domg = n \ {n − j, n − j + 2}, since g = α j−1 α j+1 or g = γ n α j−1 α j+1 . But because of m = n − j + 1 and m = j, we have m − 1 = n − j and m − 1 = j − 1, respectively. This implies img k = {m − 1, m + 1} = domg, a contradiction.
Suppose that jα, (n − j + 1)α / ∈ {1, n} for all α ∈ G. Then we conclude dually that there are δ 1 , . . . , δ t ∈ G \ {idn} such that β even j = δ 1 · · · δ t but domδ 1 · · · δ t = dom β even j , i.e. we obtain a contradiction, too.
Suppose that n ≥ 5. By straightforward combinatorial calculations, one obtains that there are exactly − 1 elements in G \ P ar n with rank n − 2. Note that for odd numbers i, j ∈ n with 4 ≤ j − i < n − 1 and i ≤ n − j + 1, it holds 4 ≤ (n − i + 1) − (n − j + 1) < n − 1 but (n − j + 1) > n − (n − i + 1) + 1, whenever i = n − j + 1. In particular, i = n − j + 1 implies j = n − i + 1. This justifies the existence of a pair (i, j) of odd numbers i, j ∈ n with 4 ≤ j − i < n − 1 and i ≤ n − j + 1 such that domα = n \ {i, j} and domα = n \ {n − i + 1, n − j + 1} for all α ∈ G. In particular, α i,j / ∈ G and there are h 1 , . . . , h u ∈ G \ {idn} such that α i,j = h 1 · · · h u . Note that each α ∈ F I n with domα = n \ {υ} for some odd υ ∈ n is either order-preserving or order-reversing. Assume that rankh q ≥ n−1 for all q ∈ {1, . . . , u}. Since α i,j is neither order-preserving nor order-reversing, there is an even v ∈ n with v / ∈ dom(h 1 · · · h u ), a contradiction. This implies the existence of a k ∈ {1, . . . , u} with rankh k = n − 2. Without loss of generality, we can assume that rankh q ≥ n − 1 for 1 ≤ q < k. In particular, an odd number is missing in domh q , for q ∈ {1, . . . , k}. Let domh k = {s, t}. Since h k ∈ G, we have {s, t} = {i, j} as well as {s, t} = {n − i + 1, n − j + 1}, i.e. {n − s + 1, n − t + 1} = {i, j}. Clearly, domh q ⊆ imh q−1 for 1 ≤ q ≤ k. Therefore and since h q is order-preserving or order-reversing for 1 ≤ q < k, there is h ∈ {id n , γ n } such that h 1 · · · h k−1 h k = hh k . Hence, dom(h 1 · · · h k ) = {s, t} or dom(h 1 · · · h k ) = {n − s + 1, n − t + 1}. Since rank(h 1 · · · h k ) = 2 = rank(h 1 · · · h u ), we can conclude that domα i,j = dom(h 1 · · · h u ) = dom(h 1 · · · h k ) = {i, j}, a contradiction.
Altogether, we have shown that |G| ≥ 1 + 2 + 2
